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A Time-Split Finite-Volume Algorithm
for Three-Dimensional Flowf ield Simulation

C. M. Hung* and W. Kordullat
NASA Ames Research Center, Moffett Field, California

A general finite-volume algorithm is developed for three-dimensional, compressible flow over an arbitrary
configuration. The algorithm implements MacCormack's explicit-implicit predictor-corrector scheme in a
locally one-dimensional fashion. The code is able to treat problems with a viscous layer in one, two, or all three
spatial directions. Calculated results are in very good agreement with the experimental measurements of a blunt-
fin induced shock wave/boundary-layer interaction problem. The existence of a horseshoe vortex and two
reversed supersonic zones is observed.

Introduction

THE objective of the present paper is to describe the
development of a numerical algorithm to solve the three-

dimensional, time-dependent, compressible Navier-Stokes
equations for high Reynolds number flows over an arbitrary
geometry. The essential features of the present algorithm are
as follows:

1) It is coded for general three-dimensional body-fitted
coordinates.

2) It employs thin-layer approximation in all three spatial
directions.

3) It is formulated on the control-volume or finite-volume
concept.

4) It implements MacCormack's new explicit-implicit
scheme1 in a time-split fashion.

5) It provides novel, simple starting conditions for blunt
bodies.

Computational fluid dynamics has been a revolutionary
force recently in practical aerodynamics, e.g., solution of
compressible flow at high Reynolds numbers past nonsimple
shapes. With the advent of large and fast vectorized computer
processors, coding a program in general three-dimensional
transformed coordinates is now feasible and is an urgent
requirement for three-dimensional flowfield simulations. In
high Reynolds number flows, the viscous effects are confined
to a thin layer near the wall boundary. The concept of the
thin-layer approximation, developed by Baldwin and
Lomax,2 has been tested and validated and is now widely used
for various high Reynolds number flow calculations. The
validity of the thin-layer approximation in more than one
direction has been demonstrated in a previous study of
supersonic flow over an axial corner.3 Extension of the thin-
layer approximation to all three directions is straightforward
and broadens the scope of the method to more complicated
geometries, allowing treatment of wall boundaries in two or
all three directions.

The basic idea of the control-volume formulation is easy to
understand. Whereas a finite-difference equation is derived
via Taylor-series expansions and is consistent over a small
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region in a limiting sense, the control-volume formulation
lends itself to direct physical interpretation. The com-
putational domain is divided into a number of
"nonoverlapping" (discussed later) finite volumes
surrounding each grid point, and the resulting solution will
satisfy the integral conservation laws of mass, momentum,'
and energy over any group of control volumes and, of course,
over the whole computational domain. Hence, the finite-
volume formulation does not require a smooth variation of
mesh size and in general does not require the volume to be a
hexahedron in the three-dimensional case. The advantage of
the control-volume formulation is well recognized and it has
been widely adopted, for example, Refs. 4 and 5. However,
the implementation details differ greatly from one method to
another. We employ here a cell concept, rather than a grid-
point concept: the corner points of a computation cell are
prescribed so that the cell surface areas and volume can be
evaluated accurately. In the cell concept, a coordinate trans-
formation is not needed explicitly. This approach also lends
itself to a straightforward geometrical interpretation relating
the dependent and independent variables in the physical and
computational spaces.

An explicit-implicit scheme recently developed by Mac-
Cormack1 incorporates a bidiagonal implicit procedure in the
well-proven explicit predictor-corrector method,6 and has
achieved a speed-up of about two orders of magnitude for a
shock wave/boundary-layer interaction problem on a flat
plate. A brief description of the general finite-volume for-
mulation of MacCormack's explicit-implicit predictor-
corrector scheme and a two-dimensional transonic flow
computation were presented by Kordulla and MacCormack.7

Here, we incorporate the thin-layer approximation and
employ Strang8 type time splitting to make the method locally
one dimensional for three-dimensional problems. The thin-
layer approximation drastically simplifies the evaluation of
viscous diffusion and dissipation terms, and allows easy
vectorization of the algorithm. This time splitting makes the
dependent variables on the right-hand side consistent with the
characteristic variables in a similarity transformation and,
moreover, requires the use of only one level of dependent
variables plus three single arrays, instead of the three levels of
dependent variables in MacCormack's scheme.

The case of interaction of a blunt-fin induced shock wave
with a turbulent boundary layer is calculated. The results are
compared with an experiment9 conducted at a Mach number
of 2.95 with a freestream unit Reynolds number of 6.3 x 107

m"1 . The results show very good agreement of surface
pressure with measured values at various locations on the fin
and on the flat plate.
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Analysis and Numerical Procedure
Equations in Nondimensional Form

In the absence of body forces and source terms, the
governing Navier-Stokes equations for conservation of mass,
momentum, and energy in a stationary finite volume V,
enclosed by the control surface 5, can be written in non-
dimensional form as

(qu+ b) -ndS=0
s — (1)

where

q=(p, pu, pv, pw, pE)T

be

T== — Xdiv «/— /z[(grad u) + (grad u) T]

be = -

Here, a conventional definition of the flow quantities is used.
The Cartesian velocity components (u,v,w) are normalized
by the freestream speed of sound a^, p by p^, the specific
internal energy e{ and total energy E by a2^, and p by p^a2^.
The viscosity coefficients X and ^ are normalized with respect
to the molecular viscosity j^ . The constant 7 is the ratio of
specific heats, Re is the Reynolds number based on freestream
velocity, and Pr is the Prandtl number. For a perfect gas the
normalized state relations are

p=(l/y)PT, £,. = 777(7-7), a2 = T

where the temperature Tis normalized with respect to T^ .
Equation (1) is a simple expression of the conservation

laws, and is valid for a global control volume and also for
each local discretized finite- volume cell (i,j,k) shown in Fig.
1 . For a notation convention, the superscript without a prime
is used for the transformed coordinates [e.g., x' = (x1 ,x2 ,x3)
which are interchangeable with (£,ry,f)] , and the superscript
with a prime is used in the original Cartesian system [e.g.,
x* = (xl> ,x2' ,x3' ) which are interchangeable with (x,y,z)]. A
similar convention applies to all other vector or tensor
quantities. For instance, u1' = (ur ,u2' ,u3' ) = (u,v,w).

%678

7(U,k)

x2',(y)

xr ,(x)

Fig. 1 A hexahedron finite-volume *V(iJ, k) with coordinate systems.

The partial differential equation corresponding to Eq. (1) is

(2)

or

where

]

(g)1/2 is the Jacobian, and g' is the contravariant base vector
in the x* direction. Here, the Einstein summation convention
is used.

Differentiated with respect to time, Eq. (2) becomes

(3)

Equation (3) provides the basis for the implicit procedure.
Writing Eq. (2) out explicitly, one has

continuity

momentum for xr direction

(4a)

[(g) * I'U- (g) '/2g*+p(g) V</')

dun'
p- (g)'/2g\n-M00Re-1

(4b)

energy

Re Pr Re

Re ( g )

(4c)

where g [ r ) is the component of the contravariant base vector
g1'in the*'" direction [i.e., g*= (dxf/dxr )gr =g(i>)gi>] andgr
is the Cartesian unit base vector. Note that in a finite dif-
ference approach, (g)I/2 is factored out in the spatial
derivative term. In the present formulation the (g)l/2 is kept
with g(' for an easy physical interpretation.

The above system of equations is valid for turbulent as well
as laminar flow by replacing the molecular transport coef-
ficients with their turbulent counterparts

(5a)

(5b)— —— - ——
Pr Pr( Prt

where \Lt represents the turbulent eddy viscosity and Prt the
turbulent Prandtl number. There should be no confusion
when Eq. (5a) is used in the viscous stress terms and Eq. (5b)
is used in the heat conduction terms. Sutherland's formula to
evaluate the molecular viscosity, plus a turbulence model,
closes the system of governing equations. A two-layer tur-
bulence model developed by Baldwin and Lomax2 with a
"modified distance" as described in Ref. 10 is used.



1566 C. M. HUNG AND W. KORDULLA AIAA JOURNAL

Finite-Volume Formulation
A finite volume, indexed by (ij,k), is prescribed by eight

corner points connected with straight lines, as shown in Fig. 1 .
The edges of the cell define the nonorthogonal coordinate
directions x', (£,??,f), and the bonding surface consists of a
family of three pairs of coordinate surfaces that delineate the
hexahedronal mesh cell. Note that, for dV= (g) 1/2 Ajt;Ax2Ajt5

and Ax1 =Ax2 = Ax3 = \ in Eq. (2), (g) 1/2 is the volume of
computational cell (TV (/,./, A:), the term (g)I/2g* denotes the
vector for the surface xf = const, and u -g( is the corresponding
contravariant velocity. Therefore, in Eqs. (4a-c), (g) l/2g[i>) is
the surface area for x1 = const projected on the Cartesian
coordinate of*1'' = const.

In a finite difference approach, (g) l/2 and (g)'/2ge are
presented at each grid point, and are typically evaluate3 by a
two-point central difference in all three directions. This leads
to an inconsistency in the volume and surface calculations
such that the geometry conservation law is not satisfied and,
hence, the difference scheme cannot recapture the freestream.
This inconsistency does not occur in the present approach.

Note that any open-surface element for a given boundary
has a unique, effective surface vector S that is independent of
the shape of the surface. This is because, by applying the
divergence theorem to a constant vector, the integral of the
outward-oriented surface normal over a closed surface
vanishes

( <t>ndS = (
Js - J-

= 0 for </> - const

For instance, the surface vector S5678 in Fig. 1 is independent
of the choice of which partitioning surface diagonal is used to
define the cell volume (see next paragraph). Indeed, whether
the four vertices are on a plane or not, the surface vector is
equal to one-half the cross product of its diagonal line
segments (see Ref. 11).

S5678 = 0.5(r75

Given eight arbitrary corner points prescribing a general
hexahedron, a simple way to define a shape whose volume can
be precisely calculated is to partition each face into two planar
triangles. The volume is then dependent on which diagonal is
used on each face, since the diagonals of four nonplanar
points do not intersect. In order for neighboring cells to be
contiguous, without gaps or overlaps, neighboring cell faces
must have the same surface partitioning. A simple and
consistent method for calculating cell volume, recently
developed by Kordulla and Vinokur,11 is given as

1 xr45)]

based on Eqs. (4a-c), with corresponding interpretations of
(g)1/2 as the volume at the centroid and (g) I/2gf as the surface
vector at the boundary of each finite-volume cell. The
remaining quantities, such as contravariant and covariant
base vectors, can be derived accordingly.

As one can see, the formulation does not require a global
coordinate transformation. In fact, the only data needed
concerning the mesh are the three Cartesian coordinates of the
eight vertices of every cell in the mesh system. Moreover, the
surface and volume of each cell are well defined and con-
sistently evaluated, in contrast to a finite difference approach
where the transformation coefficient and the Jacobian are
evaluated from surrounding points.

In a finite-volume formulation, only the cell volume (g)1/2

and the surface normal (g) 1/2g* are needed for an inviscid flow
calculation. To evaluate the viscous terms, the distance
between two neighboring mesh cells is needed. In the present
study, instead of calculating this distance from the centroids
of two adjacent cells, the vector between cells, say (i,j,k) and
( / -hi , j,k) (see Fig. 2), is set in the same direction as Sb
(normal to the surface Sb), and is evaluated by

= \dijtk\ \Sb (7)

When shape variations are large, a more appropriate formula
(not used herein) is

(Sa + 2Sb + Sc) = \dUfk \ \Sa + 2Sb + SC \

+ 1285 1

This implies that in a viscous dominated region, for example
near the wall, the grid would be required to be nearly or-
thogonal for an accurate calculation of the viscous term. For
a highly skewed grid, an alternate method of evaluating dij>k
is needed (e.g., centroid difference).

Thin-Layer Approximation
For high Reynolds number flows the viscous effects are

confined to a region near the wall boundary and are
dominated by the viscous terms associated with the strain
rates normal to the wall. The viscous terms with the strain
rates along the body are comparatively small and in-
significant. This concept was first discussed by Prandtl in the
development of boundary-layer theory, and has been applied
and extended to various problems. The development of the
thin-layer approximation by Baldwin and Lomax2 is based on
this concept, with the retention of unsteady terms and all of
the inviscid terms of the Navier-Stokes equations. Here, the
concept is extended to thin layers in all three directions for a
general coordinate system. All of the viscous terms associated
with cross derivatives d2/dx'dxj when i^j are neglected, while
retaining the terms with normal second derivatives d2 /dx'dxj

when i=j, in each direction. For instance, for each x2

With the volume and surface evaluated in the integral form,
Eq. (1) can be discretized as

(6)

where qij>k is now interpreted as the volumetric average
located~at the center of the cell and (qu+ b) -S is the
corresponding flux evaluated at the surface's. In the present
study, the discretized finite-volume formulation, Eq. (6), is
used for computation. In later discussions, for the purpose of
explanation, Eq. (2) will be used. However, details of terms
which have to be evaluated for carrying out calculations are

—— — ̂  __ _—DISTANCE

Fig. 2 Distance dfjtk between two neighboring cells.
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Fig. 3 Region near the nose for setting starting conditions.

direction the X div u term in Eq. (4b) would be:

neglected

dttr dx1

dx1 dx1'
du2' dx1

dx1 dx2'
du3' dx1

dx1 dx3'

retained

du1' dx2

' dx2 dx1' '
du2' dx2

' dx2 dx2' '
du3' dx2

' dx2 dx3' '

neglected

du1' dx3

dx3 dxr

du2' dx3

dx3 dx2'
du3' dx3

dx3 dx3'

dx2 dx2 du3'- +- dx2_}_
dx2 dx2' dx2 dx3'/

or for each x( direction

d
a7L'"'

(summation in n' and no summation in f )

(8)

The terms dxe/dxn> are evaluated as described in Eq. (7). This
approximation drastically simplifies the evaluation of the
viscous terms.

It is worthwhile to point out a difference in the evaluation
of viscous terms by a finite difference method relative to the
present approach. Consider the product (dx(/dxn')gf

(r) that
occurs in Eq. (8) for the case when n'=i'. In a finite dif-
ference method [see Eq. (9) of Ref. 12] this product would be
the square of a transformation coefficient (e.g., f* for £=3
and / '=3) . In the present approach, dxe/dxn' is evaluated
from Eq. (7) and approximates the inverse of the distance
between cells, whereas g [ r ) is determined by the geometry of
the surface between the two cells involved.

It should be noted that not all of the terms retained are
larger than the terms neglected. Retention of all of the second-
order normal derivative terms makes the approximation
convenient and consistent such that all dominant terms are
retained for a general coordinate system, except near the
juncture of two walls. Very near the juncture of two or more
walls, the neglected cross derivatives can be of the same order
of magnitude as the retained normal derivatives. But the flow
contains comparatively very low momentum there and,
therefore, the neglect of cross derivatives will not significantly
affect the general features of the flowfield.

When not needed (because of the absence of a thin viscous
layer), the viscous terms in any individual direction can be
neglected completely, and the present algorithm will reduce
back to a thin-layer approximation for the existence of
viscous layers in two or only one direction.

Locally One-Dimensional Time Splitting
The concept of splitting, commonly known as the method

of alternating directions, has been widely used to transform
complex operators into a sequence of simpler ones. This
concept is applied here to reduce the set of three-dimensional
equations, Eq. (2), into three sets of one-dimensional
equations.

Equation (2) can be split into three locally one-dimensional
(LOD) operators as

Lx: lFfi = 0 (no summation in i) 1 = (9)

Here, each of the split operators contains the spatial
derivatives of flux in only one direction. Since this discussion
is limited to the LOD scheme, the summation convention will
not be used in this section.

Let A^ be the time step, n the time level, and 'F the flux
across the cell surface x* = const. The LOD predictor-
corrector explicit-implicit scheme can be expressed as follows:

Predictor

explicit Aq" = - At A+''F
Ax1

/ A + I U I ' - v _ _ _
implicit (I-At——-—— )dqn+1=Aq"

\ Ax1 / - -

update qn+]=q" + dqn+1

Corrector

explicit Aqn+I = -At( ~ ~ )

(lOa)

/ A_ \fA\n+1- ^ __
implicit \I+At———.—— Jdqn+1=Aqn^

update qn+1 = !/2(q" + qn+] + dqn+]) (lOb)

Here, the overbars in the corrector sweeps indicate that the
quantities are determined with updated predictor values. The
A+ and A_ indicate the forward and backward two-point
differences. The matrices \'A I are matrices with positive
eigenvalues

where

\*D\ =

The M{ are the similarity transformation matrices which
diagonalize the Eulerian Jacobian 1A in Eq. (3) with ^ = \ = 0.
In \'D\, there are three distinct representative eigenvalues,
defined by

'A =max
RePr -C-^. o)pAx1 At /

RePr At
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Fig. 4 Blunt fin on a flat plate.

I
Fig. 5 Mesh distribution on the blunt fin and the flat plate.

for /=! i\1 = *\3 = *\4 = i\u

% = 7Aw + a , and 7X5 = 7 X w _ f l

for i = 2 2\I=2\2 = 2\4 = 2\U

2^3=2^u+a, and2\5=2\u_a

for /=3 3\1=3\2=3\3=3\u

3\4 = 3^u+a> and 3\5=3\u_a

where

Each transformation matrix of M, ( /= 1,2,3) is split into
three matrices

where

M=

1

-up'1

-vp-1

-wp-7

a/3

a = 0.5(u2

0

P'1

0

0

— fiu

+ V2 + \

0

0

p'1

0

- f t v

v2) and

0

0

0

P-1

-f3w

8=(y-

0 ~

0

0

0

/ 3 _
/)

for/-

M]C =

MIT =

for / =

M2T =

for / =

~1 0 0 0 -a~2~

0 pa 0 0 1

0 0 1 0 0

0 0 0 1 0

0 - p a 0 0 1

' 1 0 0 . 0 0 '

0 £7 £?7 £7 ' 0

0 -e\2,} e[r} 0 0

0 -e(r} 0 e(n 0

0 0 0 0 1

~1 0 0 0 -a~2

0 1 0 0 0

0 0 pa 0 1

0 0 0 1 0

0 0 -pa 0 1

' 1 0 0 0 0~

0 e?(2>) ~e{r} 0 0

0 e2 e2 ' c2 ' 0

0 0 -e2
(3') e?(2>) 0

0 0 0 0 1

~ 1 0 0 0 -a2 ~

0 1 0 0 0

0 0 1 0 0

0 0 0 pa 1

0 0 0 - p a 1

~ 1 0 0 0 0~

0 e3^) 0 -e3
(r) 0

Q Q ^5/) -e3^') 0

0 e3
(r) e\r) e3(3') 0

0 0 0 0 1

M3T =

Here, e{r) =g[r) / (S&) '/2 i§ the component of the normalized
contravariant vector in the /' direction. The M matrix
transforms dq from conservative to nonconservative variables
[i.e., from(6p, 5pu, 5pv, dpw, dpE) to(6p, du,5v, 6w, dp)], the
matrices MiT account for the orientation of the surfaces
x? = const, and the matrices Mic then transform from non-
conservative to characteristic forms. Comparing the M,
matrices with those similarity transformation matrices given
in Ref. 1, one can see that the matrices M and M/c are the
same in the orthogonal Cartesian coordinates and the
nonorthogonal curvilinear coordinate systems; the matrices
MiT introduce the generalized coordinate transformation. The
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characteristic variables are:

f o r / = l
d p - ( l / a 2 ) d p

dp + padu-g1/(gn)'/2

dp-padU'g1/(gn)l/2

for / -2

dp-(l/a2)dp

dp + padU'g2/(g22)'/2

dp-padu-g2/(g22)'/2

dp-(l/a2)dp

e3
(3,)du-e3

(r)dw

es
(3,)5v-e3

(2,)dw

dp + padU'$3/(g33)'/2

dp-padu'g3/(g33)'/2

Now it is clear that M/ transforms the inviscid portion of JFfJ
into characteristic form dQjC only when i—j. This implies
that, in contrast to the unsplit formulation, the LOD splitting
makes the inviscid portion of the right-hand-side dependent
variables consistent with the characteristic variables by means
of the similarity transformation employed in the implicit
steps, Eqs.(lOa) and (lOb).

Two points should be noted here. First, to develop a
similarity transformation for each entire viscous Jacobian 'A
is an insurmountable task. To keep the right-hand sides of
Eqs. (lOa) and (lOb) as simple and straightforward as
possible, we here follow the suggestion of MacCormack1 to
consider only the Eulerian Jacobian of 'A, with the addition
of a small number of dominant viscous terms to the Eulerian
eigenvalues. Second, the implicit procedure is skipped
whenever the explicit stability conditions are satisfied locally,
and the algorithm requires virtually no more computation
time than an explicit method.

Each Lxl operator described above consists of an explicit-
implicit predictor-corrector set, and is second-order accurate
in time and space, unconditionally stable, and requires no
block or scalar tridiagonal inversion, as discussed in Ref. 1.
Because of the noncommutativity of Lxl operators, the simple
combined numerical scheme LxlLx2Lx3 is only of first order.
To retain the second-order accuracy of the method, a sym-
metric sequence of the LOD operators, developed by Strang,8
is used. Here, we have the complete numerical procedure
expressed as

by which the solution is advanced two time steps from t to
t + 2At. Each locally one-dimensional operator is applied line
by line in each sweep direction and, hence, only needs one
level plus three single arrays of dependent variables. Without
this splitting, the MacCormack scheme requires, in general,
two time levels of variables plus a level of right-hand-side
residuals for a total of three levels of variables stored.

Boundary Conditions
Boundary conditions to be imposed are problem dependent.

For the test problem of supersonic flow over a blunt fin at
zero angle of attack, an incoming boundary-layer profile is
prescribed along the outer boundary of the flat plate. The fin
is assumed infinite in height and length, so that zero-gradient
boundary conditions may be used in each corresponding
direction. On the plane of symmetry, a symmetry condition is
imposed. The wall is assumed impermeable, and no-slip
boundary conditions are applied. The wall is also taken to be
adiabatic. The pressure has a zero gradient normal to the wall.
These boundary conditions are imposed at the beginning of
each sweep. The wall flux is cancelled immediately after the
predictor step, and not carried over to the corrector step as
suggested in Ref. 1 .

Blunt-Body Starting Conditions
The simplest way to start a computational process is by

assuming that all initial conditions are the same as the in-
coming flow conditions. This very often leads to over-
compression near the stagnation region, followed by an
overexpansion around the shoulder. The over expansion may
result in a negative density which makes the numerical scheme
unstable. To avoid this, Pulliam and Steger12 used a small
time increment at the start-up stage and a so-called "soft
start'' by gradually imposing the no-slip wall condition. Rizk
et al.13 treated the bow shock as a discontinuity and started
with an assumed shock shape and a Newtonian pressure
distribution, in addition to the soft-start techniques. With
walls in more than one direction and the existence of bound-
ary layers on the wall, the bow shock cannot be fixed. In this
study a simple device is employed to avoid the overexpansion.
As sketched in Fig. 3, near the nose region the normal velocity
component is set to zero on the body, say, at C, and then
increased linearly to the incoming velocity at a preassigned
location, say D. The formula for velocity at a point P in
between is

where LCD is the length from C to D, and £ is the variable
length from the surface. The density and energy are set equal

2.0

1.5

1.0

O EXPERIMENT
—— CALCULATED

Pt2/Ptoo = 0.3428

INCOMING B.L

0 .4 .8 1.2 1.6

P/Pt2

Fig. 6 Pressure on fin leading edge.
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-i 7

BOW SHOCK -

O EXPERIMENTAL DATA
——— CALCULATED RESULTS

-4 -3 -2 -1 0
x/D

Fig. 7 Pressure on the flat plate along the line of symmetry (y = 0).

Y/D = 3

p fp.SDIA

M00 = 2.95
OA EXPERIMENT
—— CALCULATED RESULT

1
- 4 - 2 0 2 4 6 8

x/D

Fig. 8 Pressure on the flat plate along y/D = 1.0 and 3.0.

to the incoming conditions. This simple technique may be
interpreted as a defect of normal momentum and, hence,
kinetic energy in a small region near the blunt nose. It
alleviates the nonphysical flowfield development, and allows
large time increments (or a large CFL number) during the
start-up phase.

Results and Discussion
The LOD time-split technique has been tested for super-

sonic flows over a compression corner and a planar shock
impinging on a cylinder. Our results (not shown here) are in
very good agreement with these previous calculations.14'15

Coding in general three-dimensional coordinates, the case of
blunt-fin induced shock wave/turbulent boundary-layer
interaction was calculated. The experiment was done by
Dolling and Bogdonoff9 for M00=2.95, an incoming
boundary-layer thickness of 5 = 1.27 cm, over a blunt fin of
diameter D- 1.27 cm, and at zero angle of attack, as shown in
Fig. 4. The Reynolds number based on freestream velocity
and fin diameter, Re, is about 0.8x 106.The fin bow shock
causes the boundary layer to separate from the surface ahead
of the fin and the shock wave emanating from the separated
flow region impinges on the fin bow shock wave, resulting in a
lambda-type shock pattern plus other complex structures.
Figure 5 shows the (40,32,32) mesh system in which both the rj
and f directions are geometrically stretched. The size of the
first mesh cell off the wall is equal to 0.00433 of the diameter
of the fin to ensure sufficient resolution of the viscous effects
near the wall. Figure 6 shows the comparison of static
pressure along the fin leading-edge stagnation line. The
agreement is very good. The location of peak pressure is
closely predicted. This peak pressure would normally be
attributed to the existence of Edney Type IV16 interference (to
be discussed later) between the fin bow shock and the
separation shock. Extremely high heating rates associated
with this type of interference have been observed in many
experiments17'18 and in supersonic flight. Comparisons of
pressure on the flat plate along the centerline are shown in
Fig. 7, and the pressures along the lines of yID— 1 and 3 in
Fig. 8. Agajn the agreement is very good, and all of the main
features, such as upstream influence, plateau pressure (Fig.
7), and double peaks of pressure (Fig. 8), are well simulated.

The particle path in the plane of symmetry (Fig. 9a) clearly
shows the existence of a primary horseshoe vortex and a
secondary separation (see the fine resolution in Fig. 9b). This
three-dimensional spiral-vortex separated flowfield structure
is drastically different from the well-studied, two-
dimensional, concentric separation pattern as sketched in Fig.
10. In a two-dimensional recirculation (Fig. lOa) the
separation point and reattachment point are connected by a
w = 0 velocity line and a dividing streamline. The region is
closed and the streamlines inside are concentric. In a three-

a) -2.0

Fig. 9 Horseshoe vortex flowfield: a)
particle paths on the plane of symmetry;
b) details of secondary separation on the
plane of symmetry.



NOVEMBER 1984 ALGORITHM FOR THREE-DIMENSIONAL FLOWFIELD SIMULATION 1571

DIVIDING STREAMLINE

SECONDARY SEPARATION

PRIMARY SEPARATION

Fig. 10 Differences between two- and three-dimensional separations: a) two-dimensional separation; b) three-dimensional separation (on the
plane of symmetry).

MACH CONTOURS (Moo = 2.95)

Z/D

-2.5

Fig. 11 Mach contours on the plane of symmetry.

dimensional separation (Figs. 9 and lOb), the separation and
reattachment points cannot be connected by a streamline to
form a closed vortex. As sketched in Fig. lOb, the flow
between D and F is swept into the primary horseshoe vortex,
and the high energy flow between C and F is swept into the
secondary vortex.

Figure 11 shows a contour plot of Mach number in the
plane of symmetry. Note that neither a strong Mach number
variation nor a supersonic jet exists between the triple point of
the lambda-shock and the fin, as expected in an Edney Type
IV interference. At this Mach number the peak pressure
observed in Fig. 7 might instead be purely due to
multicompression. The most striking feature in Fig. 11 is the
existence of two reversed-flow supersonic zones embedded in
the subsonic recirculation region; one is under the horseshoe
vortex on the flat plate and another is on the fin. The peak
reversed supersonic Mach number is about 1.2 on the fin, and
is above 1.45 on the flat plate. A similar feature (local
supersonic zones) in three-dimensional separated flows was
first experimentally observed by Voltenko et al.19 for a
supersonic stream at a Mach number of 3.11 over a cylinder
mounted on a flat plate.

For the present test case with a (40,32,32) mesh and without
any special effort at code vectorization, it takes about 4.8 s of

CPU time on a Cray-1 computer for each time-step in-
tegration. It takes approximately 1.1 h for 800 time steps with
a maximum CFL number of about 15 to reach a steady-state
solution.

Concluding Remarks
A general-purpose computer code has been developed to

solve the three-dimensional, compressible Navier-Stokes
equations for high Reynolds number flows. The algorithm
extends MacCormack's explicit-implicit scheme to a time-
split, three-dimensional finite-volume concept in a general
coordinate system. The thin-layer approximation in all three
spatial directions drastically reduces the evaluation of viscous
terms and allows the algorithm to solve more complicated
geometries with wall boundaries in two or all three directions.
A supersonic turbulent flow over a blunt fin mounted on a
flat plate has been numerically simulated. Observations of the
existence of peak pressure, primary horseshoe and secondary
vortices, and reversed supersonic zones demonstrate that
computational fluid dynamics can effectively supplement the
wind tunnel tests for aerodynamic design as well as for un-
derstanding basic fluid dynamics.
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